Abstract. We give here a complete classification (up to isomorphism) of the title groups (Theorem 8 and Theorem 9). The corresponding problem for p = 2 was solved in [4] .
Let G be a nonabelian finite p-group (p prime). If all maximal subgroups of G are abelian, then such groups are minimal nonabelian and they are known long time ago (L. Rédei). If all maximal subgroups of G are abelian or minimal nonabelian and at least one of them is minimal nonabelian, then such p-groups are called A 2 -groups and they are completely determined in §71 of [2] . It is a surprising fact that it is still possible to classify completely p-groups G all of whose maximal subgroups but one are abelian or minimal nonabelian. For 2-groups (p = 2) this was done in [4] . Here we classify up to isomorphism such p-groups G in case p > 2 under the assumption that d(G) = 2, i.e., G is 2-generated (Theorems 8 and 9). In a forthcoming paper we shall also consider the case d(G) > 2.
Our notation is standard (see [1] and [2] ). In particular, S(p 3 ) denotes for p > 2 the nonabelian group of order p 3 and exponent p and an L 3 -group is a p-group G in which Ω 1 (G) is of order p 3 and exponent p and G/Ω 1 (G) is cyclic of order > p.
We state now all known results which are quoted in the proof of our theorems. Moreover, if these results are quoted from the unpublished book [3] , then we also give a proof. Theorem 2 ([1, Theorem 36.1(c)]). If G/R is metacyclic for some Ginvariant subgroup R of index p in G ′ , then G is also metacyclic.
Theorem 4 ([1, Theorem A.1.3] (The Hall-Petrescu formula)). In an arbitrary group G, the following formula holds for x, y ∈ G and any positive integer n: Proof. Suppose that G has exactly one non-metacyclic maximal subgroup. Assume in addition that G has no normal subgroup of order p 3 and exponent p. By Theorem 69.3 in [2] , G is either metacyclic (which in our case is not possible) or G is a 3-group of maximal class. By Theorem 9.6 in [1] , our 3-group G has exactly three subgroups of maximal class and index 3. Since 3-groups of maximal class and order > 3 3 are obviously non-metacyclic, we get a contradiction. Now suppose that R is a G-invariant subgroup of order p 3 and exponent p. Since all maximal subgroups of G that contain R are non-metacyclic, we conclude that G/R is cyclic. Since G has a metacyclic maximal subgroup, it follows that G has no subgroup of order p 4 and exponent p. Let H/R be a subgroup of order p in G/R so that Ω 1 (G) ≤ H and exp(H) = p 2 . Since an S p -subgroup of Aut(R) is of exponent p and G/R is cyclic of order > p, we get H = RC H (R) and so H is of class ≤ 2. It follows that Ω 1 (H) = R and so G is an L 3 -group.
Suppose that G is an L 3 -group. Let M be a maximal subgroup of G such that R ≤ M . Then M has a cyclic subgroup of index p and so is metacyclic.
and H is minimal nonabelian.
so that H/H 0 is an abelian group generated by two elements of order p and so H/H 0 is elementary abelian of order ≤ p 2 . Thus Φ(H) ≤ H 0 and so H 0 = Φ(H).
We turn now to a proof of our theorems.
Theorem 8. Let G be a two-generator p-group, p > 2, with exactly one maximal subgroup M which is neither abelian nor minimal nonabelian. If G has an abelian maximal subgroup A, then we have:
where n ≥ 1 and ρ, σ, τ are integers mod p with ρ ≡ 0 (mod p).
Proof. Obviously, A is a unique abelian maximal subgroup of G (otherwise, by Exercise 1.6(a) in [1] , all p + 1 maximal subgroups of G would be abelian). By a result of A.Mann (see Exercise 1.69(a) in [1] 
where Ω 1 (G) is of order p 3 and exponent p and so
, we may replace k with another generator of k so that we may assume that
, it follows that k, v is minimal nonabelian and so k, v = M 1 . We have (see for example Exercise P9 in [3] ),
and so computing in G/ v p , we get:
We have A = C G (G ′ ) and we take an element
i k and so all these p maximal subgroups of G are minimal nonabelian. But then G is an A 2 -group, a contradiction.
We have proved that
It remains to examine all p maximal subgroups Φ(G)
, where the congruence ρi + 1 ≡ 0 (mod p) has exactly one solution i ′ for i (noting that ρ ≡ 0 (mod p)). Hence A = Φ(G) h i ′ k is an abelian maximal subgroup of G and for all other i ≡ i ′ (mod p), we see that v, h i k is minimal nonabelian and moreover,
i k is a minimal nonabelian maximal subgroup of G. Our theorem is proved.
Theorem 9. Let G be a two-generator p-group, p > 2, with exactly one maximal subgroup H which is neither abelian nor minimal nonabelian. If G has no abelian maximal subgroup, then Γ 1 = {H, H 1 , ..., H p }, where H i (i = 1, ..., p) are non-metacyclic minimal nonabelian, and so G is of class 3) and 
where m ≥ 2 and α is an integer mod p with α ≡ 0 (mod p). Here 
where α, β, γ are integers mod p with β ≡ 0 (mod p). We have 
is not a maximal cyclic subgroup in H i and therefore H i is metacyclic for all i = 1, ..., p. By a result of Y.
Berkovich (see A.40.12 in [3] ), G is an L 3 -group. But in that case, G ′ is of exponent p, a contradiction. We have proved that
and so G is of class 3. Since s ∈ Z(G), we have s ∈ Z(H 1 ) or s ∈ Z(H 2 ) and we may assume without loss of generality that s ∈ Z(H 1 ). Suppose that there is an element x ∈ H 1 − Φ(G) such that x p ∈ z . Then G ′ x is minimal nonabelian of order p 3 and so
is not a maximal cyclic subgroup in H 1 . Then there is v ∈ Φ(G) such that v 2 = z. This implies that all H i , i = 1, ..., p, are metacyclic. Again by a result of Y. Berkovich (A.40.12 in [3] ), G is an L 3 -group. This means that U = Ω 1 (G) is of order p 3 and exponent p and G/U is cyclic of order ≥ p 2 . We have
is isomorphic to S(p 3 ) and so is of exponent p. But in that case C G (U ) is an abelian maximal subgroup of G, a contradiction. Hence z = H ′ 1 is a maximal cyclic subgroup in H 1 which implies that H 1 is non-metacyclic. Noting that
By the previous paragraph, Ω 1 ( h 1 ) = u ≤ E and u ∈ E − G ′ . We have H 1 = E h 1 and so H 1 is a splitting extension of
We get x h 2 1 = (xs) h1 = (xs)(sz) = xs 2 z and claim that we have x
Our formula gives x
and so G is of class 3. Let z p+1 be the subgroup of order p in W such that z p+1 = z i for all i = 1, ..., p.
For any fixed i ∈ {1, ..., p} we consider G/ z i , where H i / z i is abelian (and two-generated) and H j / z i is minimal nonabelian for all j = i, j ∈ {1, ..., p}. This implies that H/ z i must be nonabelian (Exercise 1.6(a) in [1] ). If G/ z i is metacyclic, then a result of N. Blackburn (Theorem 36.1 in [1] ) gives that G is also metacyclic, contrary to
In that case each maximal subgroup of G/ z i is metacyclic and so G/ z i is minimal non-metacyclic. By Theorem 69.1 in [2] , G/ z i is a group of maximal class and order 3 4 . But in that case G ′ / z i cannot be cyclic (see Exercise 9.1(c)in [1] ). We have proved that in any case G ′ / z i ∼ = E p 2 . Assume now that H/ z i is not minimal nonabelian and we know already that H/ z i is nonabelian. By Theorem 8, we have again G ′ / z i ∼ = E p 2 . As a consequence we get [x, y] p ∈ z i for each i = 1, ..., p which implies [x, y] p = 1 and so [3] ) and so H/W is abelian which implies {1} = H ′ ≤ W . Suppose that H ′ = z j for some j ∈ {1, ..., p}. Then G/ z j is nonabelian with at least two distinct abelian maximal subgroups H j / z j and Hence if β = 1, then γ ≡ α (mod 3) and if β = −1, then γ ≡ α (mod 3). We have obtained the groups stated in part (b) of our theorem which is now completely proved.
